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Abstract 

In this paper we give the Bohr-Sommerfeld-Heisenberg quantization 
of the mathematical pendulum. 


1 Introduction 

The phase space of a completely integrable Hamiltonian system has a folia¬ 
tion by isotropic tori. On an open dense subset the foliation is regular and 
has local action-angle variables. The action variables parametrize the set of 
the Lagrangian tori of the foliation, while angle variables parametrize the 
individual Lagrangian tori. 

Bohr’s quantization of the harmonic oscillator [dj and Sommerfeld’s study of 
the relativistic hydrogen atom m were early successes of quantum theory. 
Their approach has been applied successfully to other completely integrable 
systems. Bohr-Sommerfeld conditions predict quite accurately the spectra 
of quantum operators corresponding to the action variables. 

In geometric quantization, wave functions are sections of the prequantiza¬ 
tion line bundle that are covariantly constant along the chosen polarization. 
For a completely integrable system, we would like to choose the singular 
polarization given by the isotropic tori. Even in the region where this po¬ 
larization is regular, there need not exist smooth sections of the prequan¬ 
tization line bundle that are covariantly constant along all the tori of the 
polarization. In |16| Sniatycki showed that the Bohr-Sommerfeld conditions 
identify a discrete family of tori, called Bohr-Sommerfeld tori, which support 
non-vanishing covariantly constant distribution sections. He considered the 
space of quantum states to be a separable Hilbert space f) generated by a 
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basis consisting of covariantly distribution sections supported on individual 
Bohr-Sommerfeld tori. This approach was used by Guillemin and Sternberg 
in their study of the completely integrable Gelfand-Cetlin system |10j . An 
alternative description of the space of quantum states as elements of higher 
cohomology groups was proposed by Kostant M- Under strong regularity 
conditions, Sniatycki [16j showed that both approaches to the space of quan¬ 
tum states of a completely integrable system are equivalent. Subsequent 
generalizations of these results were studied by Hamilton m , Hamilton and 
Miranda |l3j , and Solha |18| . In fT2j Hamilton and Konno constructed a 
family of complex structures on a complex flag manifold that converges to 
the real polarization by tori coming from the Gelfand-Cetlin system. 

The results mentioned above give better insight in the structure of the space 
of quantum states in the Bohr-Sommerfeld theory. However, they do not 
address its main weakness: namely, its inability to quantize any functions 
that do not commute with the actions. In 1925, Heisenberg formulated his 
guiding philosophical principle, which Dirac described in 1975 |8j, see also 
[151 p.261], as follows: 

The great advance was made by Heisenberg in 1925. He made a 
very bold step. He had the idea that physical theory should con¬ 
centrate on quantities which are very closely related to observed 
quantities. Now, the things you observe are only very remotely 
connected with the Bohr orbits. So Heisnberg said that the Bohr 
orbits are not very important. The things that are observed, or 
which are connected closely with the observed quantities, are all 
associated with two Bohr orbits and not with one Bohr orbit: 
two instead of one. 

In geometric quantization, we associate quantum operators to smooth func¬ 
tions. Therefore, following Heisenberg’s idea, we need to find functions 
such that the corresponding operators would lead to transitions between 
Bohr-Sommerfeld states. Cushman and Duistermaat [5] showed that the 
Bohr-Sommerfeld conditions define a local lattice structure in the basis of 
Sj. If this lattice is regular and global then shifting of the basis vectors 
along the lattice direction A can be interpreted as quantization of functions 
exp(±i$fc), where dk is the angle corresponding to the action [5]. Thus, 
for a global regular lattice of quantum states, we would have a family of 
functions exp(±i$fc) such that the corresponding operators and their prod¬ 
ucts act transitively on the basis of the space of quantum states. This would 
fullfil Heisenberg’s guiding philosophical principle. 
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Physical systems do not give rise to a global regular lattice of quantum states. 
There are always some singularities present. Even the harmonic oscillator 
with one degree of freedom has a singularity at the origin, where Bohr’s 
orbit reduces to a fixed point. For hamiltonian systems with monodromy 
the lattice of quantum states is only local [4]. 

The objective behind our program of Bohr-Sommerfeld-Heisenberg quanti¬ 
zation of a completely integrable Hamiltonian system is 

1. to retain the basis of the space Sj of quantum ststes given by 
Bohr-Sommerfeld orbits; 

2. to determine shifting operators on S) that act transitively on 
the Bohr-Sommerfeld basis of fj; 

3. if possible, interpret each of these shifting operators as Dirac’s 
quantization of a smooth function on the phase space of the 
system. 

The mathematical pendulum has a Z 2 symmetry given by multiplication 
of the angle and the conjugate momentum by —1. Its fixed points are the 
equilibria of the pendulum. We lift this action to a connection preserving 
action of Z 2 on the prequantization line bundle. For energy higher than 
the energy of the unstable equilibrium, the Bohr-Sommerfeld energy levels 
consists of two disjoint tori and the action of Z 2 interchanges these tori. 
For energy lower than the energy of the unstable equilibrium, the quantum 
number of a Bohr-Sommerfeld energy level gives the number of Z 2 -orbits in 
the graph of the basic vector in Sj corresponding to this energy level. 

The energy level of the unstable equilibrium divides the phase space of the 
pendulum into three domains. Construction of operators that shift between 
quantum states with supports in the same domain is fairly straightforward. 
To define shifting operators that cross the energy of the unstable equilibrium 
we have to consider even and odd quantum numbers separately. 

The Z 2 -synunetry of the mathematical pendulum lifts to a covering Z 2 sym¬ 
metry of the trivial prequantum line bundle p : L —>• T* S l in two different 
ways: one which leaves each point in each fiber fixed and the other which 
mulitplies each point in each fiber by —1. Removing a suitable subset of 
L, the Z 2 orbit space is again a line bundle over a smooth manifold P x , 
which is the orbit space of the Z 2 -action on the phase space of the math¬ 
ematical pendulum less two points for the first Z 2 -action; and P v , which 
the orbit space less a line segment joining the singular points of the orbit 
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space of the Z 2 -act ion on the phase space for the second action. On each 
of these reduced line bundles there is a connection. Thus the corresponding 
Z 2 -reduced Hamiltonian systems have Bohr-Sonnnerfeld-Heisenberg quanti¬ 
zations. We show that their reconstructions give rise to the even and odd 
Bohr-Sonnnerfeld-Heisenberg quantum spectrum, respectively. 


2 The classical mathematical pendulum 


2.1 The basic setup 

We consider the classical mathematical pendulum, which is a Hamiltonian 
system on TS 1 = R x 5 1 = Rx (M/27 tZ), the cotangent bundle of the 
circle S 1 with coordinates (p, a), symplectic form ui = dp A da, and 1-form 
6 = pda. The HamiltoniaiQ of the system is 

H : T* S 1 —> R : (p, a) e-x \ p 2 — cos a T 1. (1) 


The Hamiltonian vector held Xu of H satisfies Xu _l (dp A da) 
sin a da so that 


, . d d 

X H (p,a) = -sma v +Pi^- 
op oa 

Its integral curves are solutions of Hamilton’s equations 


dp da 

— = — sm a and = p. 
dt dt 


—pdp — 
( 2 ) 

(3) 


The Hamiltonian H has two critical points: one at (0,0) with H( 0,0) = 0 
and the other at (0,7r) with H(0,ir) = 2. These correspond to a stable 
elliptic and an unstable hyperbolic equilibrium point of Xjj, respectively. 



Figure 1. Graph of the function H(x,y ) = | y 2 — cosx + 1. 

1 We have added the constant 1 to the usual Hamiltonian so that near its minimum value 

the quadratic terms of our Hamiltonian are the Hamiltonian of the harmonic oscillator. 
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2.2 Action-angle coordinates 

In this subsection we find action-angle coordinates (/, '&) for the mathemat¬ 
ical pendulum. First, we introduce the action function I on T*S 1 such that 
for every energy level the restriction of / to H~ l (e) is 


I (e) = I \H~ 1 (e) = SF/ °= h\ P da - 


(4) 


Before giving explicit expressions for I and t) we compute the Poisson bracket 
{/, $} as follows: 


{I, = L X ,I = l f L X J = i [ [X<> J d 6 + d(A* _J 0)] 

JH- !(e) -i(e) 

= "£ [ 

■'7 

since u; = d# and iF _ 1 (e) is parmetrized by a periodic integral curve 7 of 
A// of period T = T(e), which we reparmetrize using $ = ^ t. Because the 
matrix of the symplectic form w in action angle coordinates is 



{ vT)‘-(? 



it follows that w = d/Adth Similarly, the Poisson bracket {/, H} is computed 
as follows: 


{/, H} = L Xh I = l f L XH Q = h\ [X H ^d6 + d(X H _J 0)] 

JH -!(e) J 

= l f d{—H + X H —l 6) = 0, 

■h 

since the curve 7 is closed. Thus / is constant on the integral curves of Xu- 
So I is constant on H~ 1 (e). Consequently, 


2 l / Id0 = ±I\ H - He) fd# = I(e). (5) 

Jff-i(e) J 1 

We now give explicit expressions for the action I and the angle 1 ? of the 
mathematical pendulum. There are two cases. 
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Case 1. 0 < e < 2. 

We denote by Iq the restriction of I to the region Po = {(p, a) G T *^ 1 | 
H(p,a ) < 2}. Because (0,0) is a nondegenerate minumum of the Hamilto¬ 
nian H with minimum value 0, for e near 0 the level set P _ 1 (e) is diffeo- 
morphic to a circle S 1 . From the Morse isotopy lemma it follows that for 
every e with 0 < e < 2 the level set i7 _ 1 (e) is diffeomorphic to a circle. By 
definition 


J o(e) 


1 

2tt 




pda 



\/ 2 (e-(l 


cos a)) da, 


( 6 ) 


where e = 1 — cosa 1 * 1 , which implies that a = —a + , since cos is an even 
function. Therefore 


J o(e) 



cos 2 y? 


1 _ 


2 sm(p 


dtp, 


using the identity cos a = 1 — 2 sin 2 ))- and the change of variables sin % = 
sin sin p. We check some limiting cases. First when e / 2 we obtain 

lim e y *2 Iq = f- When e\0we find that /o ~ ^ f^ 2 cos 2 (p dip = e, which 
is what is given by the harmonic oscillator. 

We now find the corresponding angle t?o- By definition 

2 - 7 T 27t f a da 47 t 1 

° T T J-<*+ V 2 ( e ~ (1 -cosa)) T Jo ^/i _ | s i n ^ <P ’ 


where T = T(e) is the period of the motion of the mathematical pendulum 
on From Hamilton’s equations it follows that 

rn/l i 

T = 4/ d<p. (7) 

J o sjl - fsinV 

Again we check some limiting cases. First, when e/2we find that T /* oo. 
So -do \ 0. Second, when e \ 0 we get T \ 4 dp = 27r. So do\ l 2p = 
a, which checks with the angle given by the harmonic oscillator. 

Case 2. e > 2. 

First we find the restrictions I± of I to the regions P± = { (p, a) 6 T’S 1 | 
H(p, a) > 2, ± p > 0}. Because (0, ir) is a nondegenerate critical point of 

Morse index 1 of the Hamiltonian H with critical value 2, for e > 2 but near 
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to 2 the level set i/ _1 (e) is diffeomorphic to the disjoint union of two circles 
C±(e). By the Morse isotopy lemma it follows that for all e > 2 the level set 
H~ l (e) is diffeomorphic to C_(e) fj C+(e). By definition 


I±(e) 



cos a)) d a 


We check two limiting cases. When e \ 2, liniex^ I± (e) = 4 f^ 2 cos ipdp = 
j, which is one half of the action I at e = 2 ([6]). This is correct because 
as e N,, 2 the component C±(e) of i/ _1 (e) converges to H~ 1 ( 2) n {±p > 0}. 
When e / ex), we get I± \J‘le. 

We now hnd the corresponding angle •&. By definition 


2vr _ 2vr f a da _ 2vr fl I"? 1 

± T± T± yj2(e — (1 — cos a)) T ± \ e J 0 ^ ^ 


where T± = T±(e) is the period of the motion of the mathematical pendulum 
on H^ 1 (e). From Hamilton’s equations it follows that 


T± 


da 


I -tt y / 2(e - (1 - cos a)) 




1 — | sin 2 </? 


( 8 ) 


Again we check some limiting cases. First, when e\2we hnd that T± /* oo. 
So \ 0. Second, when e/oowe get T± So ■& 4 ip = 2a. 

It follows from the above discussion that the action function /, defined by 
equation Q is continuous on T*S X . However, /(e) is not smooth at e = 2, 
see Dullin [9], 


3 Elements of geometric quantization 

In this section, we review the elements of geometric quantization applicable 
to the mathematical pendulum following m 

Consider a trivial complex line bundle L = C X T*S 1 with projection map 
p : L —> T^S 1 : (z, (p, a)) 1 —> (p, a) and trivializing section Ao : T^S' 1 —> L : 
(p, a) 1 —> (1, (p, a)). Define a connection V on L by setting 

VAq = — ih~ 1 9 (g> Ao, (9) 
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where h is Planck’s constant h divided by 2n and 6 = pda is the canonical 1- 
form on T*^ 1 . Since u = d$, it follows that the curvature of the connection 

v is 2 

We consider the geometric quantization of the mathematical pendulum with 
respect to the singular polarization D of T*S l consisting of all integral curves 
of the Hamiltonan vector held Xh Q associated to the Hamiltonian function 
H ([!]). This means that quantum states of the mathematical pendulum are 
sections of the prequantization line bundle L that are covariantly constant 
along D. For e ^ {0,2}, the leaves of D are smooth and are topologically 
circles, see ([7]) and (|8]). Moreover, this polarization has singularities con¬ 
sisting of the equilibrium points (0,0) and (0, it) of Xh and two homoclinic 
orbits of Xh, which have (0,7r) as a common boundary. Therefore, we are 
extending geometric quantization to a singular polarization, which leads to 
the difficulties encountered here. 


4 Bohr-Sommerfeld conditions 

Consider an integral curve 7 : M — > T*^ 1 : t 1— > 7 (t) = ( p(t),a(t )) of the 
Hamiltonian vector held Xh- Suppose that e = H('y(t)) is not 0 or 2. Then, 
7 is periodic with period T / 0. The cases when e = 0 and e = 2 will be 
discussed separately. 

Let a : T*S l —> L be a section of the prequantization line bundle that is 
covariantly constant along D. Then 7*cr : M —» L is a horizontal lift of 7 to 
L. 7*<7 is periodic with period T if either the restriction of the connection 
V to the image of 7 has trivial holonomy group, or a restricted to the image 
of 7 is identically zero. Thus, a section a : T*S 1 ^ L, which is covariantly 
constant along D , vanishes identically along all every integral curve 7 of Xh, 
unless the holonomy group of V restricted to image 7 is trivial, H('y(t)) = 0 
or H{ 7(f)) = 2. 

Theorem 1 Let 7 : [0, T\ —> T*S 1 be a periodic integral curve of Xh with 
period T / 0. The holonomy group of V, restricted to the image of 7, is 
trivial if and only if the action integral 

T, = f n f 7 *6 dt = nh. (10) 

J 0 

Proof. Consider an integral curve 7 : M — > T*^ 1 : t 1—)• 7(f) = (p(t), a(t)) 
of the Hamiltonian vector held Xh- It satishes Hamilton’s equations (|3]). 
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Suppose that e = H( r y(t)) 6 (0,2). Then, the curve 7 is periodic with 
period T, see (J7j). Let 

7 : [0, T\ —> L : * ^ («(7(*)). 7(*)) = *(7(*)) A) ( 7 (f)) 

be a horizontal lift of 7. Then the covariant derivative ^7(t) of 7 must 
vanish. Equation ([9| implies that 

£7 (*) = £(*(7(f))Ao(7(*))) 

= Ao( 7(*)) - I *ff>( 7 (t)) A 0 (7(*)) 

(^7 / f) r) \ 

= ^^0(7(t)) - i/T^pda | -sina — +p—^A 0 (7(0) 

= (Jj -*fi -1 p(f) 2 *)Ao(7(t)), 

where \p{t) 2 — cos a(t) + 1 = e. Hence, p(t) = ±y / 2(e — (1 — cos a(t))). 
Because gf = g§ ^jf = g§ P) the curve 7 is horizontal (= covariantly constant) 
if af MO “ ih~ 1 p(t) 2 z = p(t) (- i/T Vtjz) = 0, that is, 

1 

— ih -= ±\/2(e — (1 — cos a)). (11) 

z da 

Here the + sign corresponds to a 6 [0, a" 1 "] and the — sign corresponds to 
a € [a _ ,0] = [— a + ,0]. Integrating 0 from a to a + and using the fact 
that cos is an even function, we get 


—ih In 



(1 — cos a)) da = 27r/|#-i( e ) 


2nl(e) 


by equation ([5]). The horizontal lift 7 of the closed curve 7 is a closed curve 
in the line bundle L if and only it z(a + ) = z(a~). Since In is a multivalued 
function and In 1 = 2irm, it follows that 7 is a closed curve in L if and only 
if we have = n ^- 

For e > 2, H~ 1 (e) = C'_(e)UC+(e), and there are integral curves 7“ and 7 + 
of Xu such that where C_(e) is the image of 7“ and C+(e) are image of 7 + . 
The same argument as in the preceding paragraph shows that the horizontal 
lift 7“ of 7 _ is a closed curve in L if and only if /-(e) = rri-h, where m_ 
is an integer. Similarly, the horizontal lift 7+ of 7 + is a closed curve in L if 
and only if / + (e) = m+h, where m+ is an integer. Since /-(e) = /+(e), it 
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follows that m_ = m + . Moreover, I-(e) = I\i m ~,-(e) and I+(e) = /| im 7 +(e). 


Equation (10) gives the Bohr-Sommerfeld conditions discussed in the 


introduction. The action integral is independent of the parametrization of 7 
within its orientation class. However, the change of orientation of 7 would 
lead to the change from n to —n. Therefore, the Bohr-Sommerfeld condition 
(10) depends only on the image of 7 . In the following, we shall refer to 


the image an integral curve 7 of Xh that satisfies equation (10) as a Bohr- 
Sommerfeld torus. The integer n on the right hand side of equation (10) 


is called the quantum number of the corresponding Bohr-Sommerfeld torus. 
Since integral curves of Xh preserve the Hamiltonian H. we may rewrite 


equation ( 10 ) in the form 


/ lc(e)= 2 ^/ p da = nh, 
Jc(e) 


( 12 ) 


where C(e) is a connected component of the energy level H 1 (e). Thus 


Bohr-Sommerfeld conditions (10) impose conditions on the energy. The set 


of values of the energy allowed by Bohr-Sommerfeld conditions is interpreted 
as the quantum energy spectrum of the system. 

From the discussion preceding Theorem [l] it follows that a section a of the 
prequantum line bundle, which is covariantly constant along D, has support 
contained in the union of Bohr-Sommerfeld tori and the energy levels H~ 1 ( 0) 
and H~ 1 ( 2). Since H~ 1 ( 0) is a critical point, the restriction of a to H~ 1 ( 0) 
is the value of a at H~ 1 ( 0) which is not restricted by the condition that 
a is covariantly constant along D. Thus, we may allow the value e = 0 in 
equation (12), and consider H~ 1 ( 0) as a singidar Bohr-Sommerfeld torus 
corresponding to the quantum number n = 0. The energy level H~ 1 ( 2) is 
the union of two homoclinic orbits 7 ^ : M —> T^S 11 of Xh and the unstable 
equilibrium point (2,0). If a is a section of L that is covariantly constant 
along D, then the restrictions of a to 7 + and 7 ^ are unrestricted because the 
homoclinic orbits 7 =t are not closed. As in the case of e = 0, the value of a 
at (2, 0) is unrestricted. However, if we require that cr restricted to H~ 1 ( 2) is 
continuous, we would encounter an obstruction in the form of the holonomy 
group of the restrictions of V to the circles C±(2) = irn 7 ^ U {(2,0)}. The 
results of section 2.2 give I \c±( 2 ) = ^ fc±( 2 ) P^ a = X Thus, the circles 
C±(2) satisfy Bohr-Sommerfeld conditions (12) if nh = —, that is, h = 8/n 


is a rational number. In the quasiclassical approximation of the Schrodinger 
equation, Planck’s constant h is treated as a continuous parameter, which 
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excludes the condition that it is of the form 8/n. Moreover, Condon [2] 
has analyzed solutions of the Schrodinger equation for the mathematical 
pendulum and has concluded that the the energy level e = 2 is not in the 
quantum energy spectrum. Therefore, throughout this paper, we assume the 
following. 

Condition 2 The energy level e = 2 is not in the quantum energy spectrum. 
So we obtain 

Corollary 3 Since Planck’s constant h is positive, there exists a positive 
integer N such that 

h < jf and h > 

It follows from the preceding discussion, that a section of the prequantiza¬ 
tion line bundle that is covariantly constant along D has its support in the 
union of Bohr-Sommerfeld tori. Since the union of Bohr-Sommerfeld tori has 
empty interior, such sections can be smooth only in the sense of distributions. 
Therefore, we adopt the following definition. 

Definition 4 A quantum state of the mathematical pendulum is a section a 
of the prequantization line bundle L, whose support lies in the union of Bohr- 
Sommerfeld tori, such that for each Bohr-Sommerfeld torus C the restriction 
(T\c of a to C is a smooth covariantly constant section of L\q. 

Let Sj be the space of quantum states of the mathematical pendulum. For 
each Bohr-Sommerfeld torus C, we choose a non-vanishing smooth covari¬ 
antly constant section o of L\q. The family {cr\c} is a basis of Sj, which 
we shall refer to as a Bohr-Sommerfeld basis. Give Sj a hermitian scalar 
product (• | •) so that the Bohr-Sommerfeld basis {a is orthonormal. 
Thus, we have obtained a Hilbert space structure of the space of states of 
the mathematical pendulum. Note that this structure is not uniquely deter¬ 
mined by the geometry of the classical phase space. We have the freedom of 
multiplying each basis vector a\c by a positive number. 

Definition 5 A function f £ C°°(T*S 1 ) is Bohr-Sommerfeld quantizable 
if it is constant on Bohr-Sommerfeld tori. Bohr-Sommerfeld quantization 
assigns to a quantizable function f a linear operator Q f on S) such that, for 
each Bohr-Sommerfeld torus C , 


Qf a \C ~ f\C °] c- 


(13) 
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Observe that the operators Qf corresponding to Bohr-Sommerfeld quan- 
tizable functions / are diagonal in the Bohr-Sommerfeld basis. Since the 
Bohr-Sommerfeld tori are closed and mutually disjoint, for any function 
C e->• A c c» n the collection of Bohr-Sommerfeld tori, there exists a func¬ 
tion / G C°° (T*S 1 ) such that = \q- Thus, each basis vector <t\q is an 
eigenvector of the operator Q j- corresponding to an eigenvalue Xq- 


5 Bohr-Sommerfeld-Heisenberg quantization 

5.1 Local formulation 

In order to identify non-diagonal operators that could be associated to func¬ 
tions on T^S' 1 , we need to study of the structure of the Bohr-Sommerfeld 
basis {djc}- 

The energy level H~ l ( 2) divides T*S 1 into three open subsets: Pq = {{p, a) \ 
H(p , a) < 2} and = {( p , a) \ H(p,a) >2 and =F p > 0}. Let Sjq be the 
subspace of S) consisting of sections with support in Pq. Similarly, let 
be the subspaces of Sj consisting of sections with support in Pp. Then 
Sj = Sjo © Sj- 0 Jd+ and {cric-} 0 ^ = {a\ c \ C C P 0 ,±} are bases of 
respectively. 


First consider the space of states with support in Pq. It corresponds to 
Bohr-Sommerfeld quantization of the symplectic manifold (Pq,lo\p q ). Action- 
angle coordinates in Pq are Jo and $0 computed in §2.2. They satisfy the 
Poisson bracket relation {Jo, "do} = — 1, which implies that 

{I 0 ,e~ ii)o } = ie~^° and {/ 0 , e ii)o } = -ij* 0 . (14) 


The action Iq is Bohr-Sommerfeld quantizable and we denote by Q la the 
corresponding operator acting on ijo- Bohr-Sommerfeld tori in Pq can be 
labelled by their quantum numbers n = 0,..., N. Thus 


{tf|c}o = {o-q,-,^}- 


(15) 


Moreover, equation (12) implies that eigenvalues of Q Iq are proportional to 
quantum numbers; that is, 


Qh/n = nha n , 


(16) 


where h is Planck’s constant divided by 27r. Equation (15) shows that the 
Bohr-Sommerfeld basis {ojclo of ijo has a lattice structure. We can use this 
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structure to define shifting operators a q and bo so that 


a 0 CT° = £7°.! and b 0 a® = a. 


n+l. 


( 17 ) 


Equations (16) and (|1T|) imply that the operators ao and b q satisfy the 


commutation relations 
o 


[Ql 0 , a o\a n = -ha 0 a n and [Q Io ,b 0 \cr n = +hb 0 cr n . 


(18) 


Similarly, the Bohr-Sommerfeld tori in P± can be labelled by the correspond¬ 
ing quantum numbers m > M, where 2 M is the smallest even integer greater 
or equal to N + 1, see corollary 3. In other words, 


M = min{m G N | 2m > N + 1} = 


^(N + 2), if A^ is even 
+ 1), if N is odd. 


Hence, the Bohr-Sommerfeld basis °f £)± has a lattice structure 

{^|c}± (10) 

where 


Ql ± Vm= mh °m- ( 20 ) 

As before, we may introduce shifting operators a± and b± in ij-j- such that 


a - a m = a 

r + — rr+ 


m— i and b_CT m 0 "to+1 > 


( 21 ) 

( 22 ) 


a +°m = 0m-1 and b + a+ = a+ +1 , 

which satisfy the commutation relations 

[Ql ± ,a±]cr±=-Ha±cr± and [Q I± , b±\a± = +hb±cr±. (23) 

In order to identify functions, whose quantization leads to operators ao, bo, 
a± and b± that satisfy commutation relations (18) and (23), we use Dirac’s 
quantization rule 

lQfi'Qfi\ = lh Q{hj2}- ( 24 ) 

Fact 6 The choices 

= Q c -id0 ; bo = Q e ii}g & CL- j- = Q -ii)± , b- |- = Q itf± (25) 


are consistent with Dirac’s quantization rule (24)- 
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Proof. Equations (24) and (14) yield 


[Q Iq i Qe~ i '^o] ifoQ 


{/ce-^O} 


— ifrQie-itio ~ frQ e 


and 


[QIq i Qe^o ] ihQ 


{/o,e«0} 


— ih Q^ ie n> 0 — h Q e -i & 0 , 


Therefore, setting a o = Q c -n> 0 , &o = Q e ^oi we get equation (18). Similarly, 
the choices a± = Q -n> ± , b± = Q « ± lead to equation (23). ■ 


Note that Dirac formulated his quantization rule (24) for real valued smooth 
functions and assumed that the corresponding quantum operators were self- 
adjoint [7], Here, we extend his rule to smooth complex-valued functions 
which lead to non self-adjoint operators. This extension is similar to allowing 
quantization in terms of a complex polarization. 


In Fact[6j we ignore the fact that the lattices {cr^} and {cr^} are bounded due 
to the presence of singularities. In particular, there are no Bohr-Sommerfeld 
tori in Pq with quantum numbers —1 and N + 1. Similarly, there are no 
Bohr-Sommerfeld tori in P± with quantum number M — 1. Therefore, we 
have to make sense of the right hand sides of equations 


a 0 cTo = 0M_ i and & 0 cr^ = cr^ +1 , 

a - a M = (J M-\ an d a + a M = °M—1’ 


that occur in ( |17| ), ( |21| ) and (22). 


5.2 Globalization of actions and angles 

Recall that the action / defined by equation Q is continuous across the 
singular energy level set H~ 1 ( 2) but it is not smooth there. We have 


f Io{p,a) if 0 < e(p, a) <2 
1 2 I±(p,a) if (p,a) <E P±. 


(26) 


Proposition 7 

i) There exists e > 0 such that the set 77 _1 ((2 — e, 2 + e)) does not 
contain Bohr-Sommerfeld tori. 

ii) There exist smooth functions A + and 7R on such that 


A±(p,a ) 


' I 0 (p,a), ifO<H(p,a)<2-e 
O(oo), ifH(p,a) = 2 
2I±, if H(p, a) > 2 + e and ( p , a) E P± 
0 , if{p,a)eP T . 


(27) 
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Here 0(oo) means that the function and all of its derivatives vanish when 
the condition is fulfilled. 


Proof. By assumption, the energy level set H~ 1 ( 2) does not satisfy Bohr- 
Sommerfeld conditions. Since the union of the Bohr-Sommerfeld tori is 
nowhere dense, there exists e > 0 such that Lf _1 ((2 — e, 2 + e)) does not 
contain Bohr-Sommerfeld tori. Consider functions p± > 0 that are constant 
on integral curves of Hamiltonian H and satisfy the following conditions 


1, if 0 < H(p, a) < 2 — e 
O(oo), if H(p, a) = 2 

1, if H(p, a) > 2 + e and ( p , a) E P± 
0, if (p, a) E Pip. 


The product 


A± = p±I 


is a smooth function on T*,!? 1 that satisfies condition (ii). ■ 


(28) 


(29) 


It follows from equations (27) functions A± are extensions of the action 
functions Jo> and 2 1± to the whole T*^ 1 . Moreover, 


Similarly, 


A +\C° 
( A +\C+ 

. Aj r\Cm 


= n for 0 < n < N 

= 2771(7+, for M < 777 
= 0, for M < ?77. 


A 


A 

A 


-I 


~\C~ 

-I c+ 


= 77 C°, for 0 < 77 < 
= 2777(7“, for M <777 
= 0, for M < 777. 


(30) 


(31) 


Therefore, the restrictions of to the complement of i7“ 1 ((2 —e, 2+e)) sep¬ 
arate Bohr-Sommerfeld tori, and the quantum numbers of Bohr-Sommerfeld 
tori are determined by eigenvalues of Qa± : 


( Q 4± cr° = nh cr° for 0 < n < N 
< Q A± (T^f = 2rrih <r+ for M < m (32) 

1 = 0 for M < 777. 

Next, we extend the exponential functions e -M?0 , and e“ il?± to smooth func¬ 
tions i?-|-e“* e± on T*^ 1 . Let r be a non-negative function of energy that 
vanishes to infinite order at e = 0 and is equal 1 for all e > £, where e > 0 
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is chosen small enough so that the set 2 — e, 2 + s)) does not con¬ 

tain Bohr-Sommerfeld tori. Then, the products R± = p±r are non-negative, 
smooth and satisfy the conditions 

O(oo), if H(p, a) = 0 

1, if 0 < H(p, a) < e^v + £ 

R± = p±r = < O(oo), if H(p, a) = 2 . (33) 

1, if H(p, a) > eM — £ and (p, a) G P± 

0, if (p, a) G Pzp. 

We consider extentions of the exponential functions e _M?0 , and e~™ ± defined 
as R±e~ lB± , where ©±|p 0 = $0) ©±|p ± = and @±|P T = 0. They are well 
defined and smooth because R± = R v vanishes to infinite order at e = 0 and 
e = 2. Moreover, 

O(oo), if H(p, a) = 0 
e =Rtfo ; if 0 < H (p, a) < eN + £ 

R n e^ l&± = < O(oo), if H(p , a) = 2 

, if H(p. a) > eM — £ and (p, a) G P± 

0, if (p,a) G .Pp. 

5.3 Shifting operators 

We want to describe the lowering operators operators Q R -i&± and the 
raising operators Q R±e i@± on S) corresponding to the function R±e~ i&± and 
R. t e* 0± , respectively. We have to consider two cases depending on the parity 
of N. 

5.3.1 Even N = 2M — 2 

The Poisson bracket relations of A± and P_|-e _ * 0± evaluated on Bohr-Sommer- 
feld tori are 

{A ± ,R ± e ~ ie ±} lc o = {M ± ,P ± e- i0± }( 0,0) = 0, (34) 

{A T ,R ± e~ ie± } lc o = {A T ,R ± e~ ie ±}( 0,0) = 0, 

because R± vanishes at (0,0) to infinite order. For 1 < n < N, 

{.4±,fi±e- ie± }| C o = Uo,e -I,?0 }|co 

= (ie- , ' , ")| C ; = i(K ± e-‘ e *)|CS. (35) 

= {ft.e-^UlcS = (ie- is »)| CS = i(i! ± e- e *)|0S- 
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On the other hand, for m > M, 


{A±, R±e~ ie± }\ c ± = {2/±,e- w± } |c ± = 2(ie 






= 2i(fl±e-‘ e± )|oi 


( 36 ) 


{A±,R±e 


—i@±i 


= °> 

{A^R ± e~ ie ± } |cf =0. 


{^,i? ± e- i0 n,c±=O, 


Therefore, the Dirac quantization rule (24) gives the following commutation 
relations for the quantum operators Q/j ±e -i©± corresponding to R±e~ l&± : 


\Qa±i QR±e~ ie ±\ a n — [QA ±1 QR ±e ~ ie ±\ (J n 

=—frQ R±e -ie ± (Tni for 0 < n < N; (37) 

[QA ± ,Q R+e - ie ±\ a m = - 2h Q _ ie+ CT m> for m > M; 

- 1 - R -|_e ^ 

[Qa t , Q R±e -i&±]^m = [Qa ± , Q RTe -i®^]°m. = 0, for m > M. 

Thus the operators Q R ^ e -ie ± lower eigenvalues of Q ,\ ± by h, when they are 
evaluated on a® for 0 < n < N, and by 2 h, when they are evaluated on a ± 
for m > M. Because Q R ± e -ie±/7® is proportional to cr^_ 1 for 0 < n < N, 
we make the identification 


Q R± e~ i0 ± a n = 0-°—l, forO<n<iV. (38) 

For n = 0, this identification yields 

Q fl±e -i 0 ± ff o = r ( e o)&-i = r(0)<7° 1 = 0 (39) 

because r(0) = 0 and there is no basis vector cr° Similarly, for m > M, we 
may set 

Q R± e- ie ± a m = a m alld QR ± e~ i@ ±= 0 ( 40 ) 

because R± vanishes on It remains to determine the action of Q R±e -ie ± 
on om- By assumption, N = 2 M — 2. It follows that 

QA^Q R± e- i@ ± a M = Q R ± e - ie ±QA± a M + [QA t iQ R± e - i& ±\ °M 
= 2Mh Q r -;e± a^-2HQ af n 

R±e ± 

= (2 M - 2)hQ R±e -ie ± a^ = NhQ R±e -,@ ± a^. 
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This implies that Q^ ±c ~ i &± a 'M corresponds to the quantum number N. 
Hence, it is a multiple of and we make the identification 

QR± e - i@ ± a M = a N and Q R± e- ie ± a M = °- ( 41 ) 


Equations (38), (40) and (41) define the action of the lowering operators on 
the Bohr-Sommerfeld basis of iq. 

Since R±e' l ® ± is the complex conjugate of R±e ~ l&± , we may define the raising 
operators as the adjoints of the lowering operators. In other words, we set 
Q R±e i@± = Q' fj e -iG ± ■ Straightforward computations give 


QR±e ie ± a m = a m +1 and Qfl ±e ’ e ±4 = 0 for m > M ( 42a ) 
QR±e ie ± a n = G l+v- for 0<n<N. (42b) 


It should be noted that we cannot extend equation (42b) to n = N because 
IV +1 is not the quantum number of a Bohr-Sommerfeld torus. On the other 
hand, equation © gives 


{ a M’Q R±e i& ± a N) = (°M’Q ] R±e -ie ± °N) 

= ( < ?il±e" ie ± Cr M> cr W') = (^iVJ^iv) = 1 
(°M> QR± e i@ ± a N) = ( a MiQ^ R±e -ie± a N) = {QR ±e - i@ ± a M’ a iv) = d - 


Therefore, 

QR ±e ie ± a N = a M- ( 4d ) 


5.3.2 Odd N 


In this case we can define the raising operators Q R±e i@± by equations (42a), 
(42b) and (43). Note that, since N is odd, then N + 1 = 2 M and raising 
the quantum number of by 1 leads to the quantum number of a^ f . The 
choice of sign ± corresponds to the sign used in R±e l&± . 


The lowering operators Q R e -ie± can be defined as the adjoint oparators 
of the raising operators^ that is, Q R _^_ e —“ ^L±e ie ±' This leads to 
QR ± e~ ie ± a m = Q R±e ~™±^ = 0 for m> M and Q R±e -ie±a° = cr°_, 

for 0 < n < N. In order to obtain an expression for Q R±e -ie ± <7Q, observe 
that, for 0 < n < N we get 


(^Qil ± e- ie ± a o) = (Q 


t 

R±e~ 


i@- j_ 


^0 


— (Qr. L e i@ ± a Oi a o) — { a n+li a o) ~ 
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Moreover 


(< J N^Q R±e -^±<T o) = = (Q R±< se ± <T%,<T%) = {a^,a g) = 0, 

( cr m>Q R± e- ie ± f7 o) = (Q J R±e -i @± a m^o) 

= (Q fi±e %^>ff()) = (O'm+H^o) = °> 

and 

= (Q R±e ie ± ^n’^o) = °' 

Hence, -ie ± 0g is orthogonal to all elements of the Bohr-Sommerfeld 

basis, which implies that Q^ ±e -ie ± <jQ = 0. 


6 Z 2 -symmetry 


The mathematical pendulum has a ^-symmetry, which is generated by 

C : iTS 1 -> T*^ 1 : (p, a) ^ (-p, -a). (44) 


( preserves the Hamiltonian H , the 1-form 9 , and the 2-form u. A connected 
set A of T*S l is a fundamental domain for the Z2-symmetry generated by 
£ (44) if it contains exactly one point of each Z2 orbit on T* S l . 


Claim 8 The set A = {(p, a) £ T*5 X |p>0orp = 0&aG [0, 7r]} is a 
fundamental domain for the Z2 -symmetry generated by (. 


Proof. Clearly A is connected. Let (p, a) £ T*S X \ A. If p / 0, then p < 0. 
So Q(p,a) = (—p, — a) £ A. Suppose that p = 0 and a G (7t,27t). Then 
—a G (0,7r). So C(0, a) = (0, —< a) £ A. Hence ((T*S 1 \ A) C A, which 
implies T*S X \ A = C(C(T**? 1 \ A)) C £(A). Consequently, 

T*^ 1 = (T^ 1 \ A) U A C C(A) U A C T^S 1 , 

that is, C(A) U A = T*S 1 . Note that A n £(A) = {(0,0), (0, vr)}, which are 
the fixed points of the Z2-action. ■ 

Look at A C T*^ 1 and identify the points on its boundary which lie on the 
same Z2-orbit. The resulting space is a model for the orbit space T*S 1 /Z2. 

Invoking the singular reduction theorem and using the concept of a differ¬ 
ential space, see Cushman and Bates |3j, we construct the Z2-orbit space 
P = T* S 1 / Z2 using invariant theory. 
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The algebra of real analytic functions on T*!? 1 , which are invariant under 
the symmetry group Z 2 is generated by 

Ti = cosa, T 2 =p sin a, 73 = \ p 2 — cos a + 1. (45) 

These invariant functions are subject to the relation 

C (r) = \ r 2 2 - (73 + ri - 1)(1 - rf) = 0, |ri| < 1 & r 3 > 0, (46) 

which defines the Z 2 -orbit space T* S 1 / Z 2 = P as a semialgebraic variety in 
R 3 with coordinates r = (ti,T2,T3). The Z 2 -action on T*S 1 has two fixed 



Figure 1. The Z 2 -reduced space in R 3 . 


points po = (0,0) and p 2 = (7r, 0). So P has two singular points po = 
(1,0,0) and p 2 = ( — 1,0,2), which are conical. The set of nonsingular 
points of P is the smooth manifold P x = P \ {po,P 2 }, which is homeo- 
morphic to R 2 \ {(±1,0)}. The Z 2 -orbit map n : T^S 1 —> P : (p,a)t-> 
(ri(p,a),T 2 (p,a),Ts{p,a)^ = r{p,a), when restricted to T x S 1 = T*^ 1 \ 
{po , p 2 } is a proper smooth submersion 7r x : T x S 1 —> P x , which is a 2 to 1 
covering map. 

Since the Hamiltonian H of the mathematical pendulum is invariant under 
the Z 2 -symmetry, it induces a smooth function on P given by H\P where 
H : R 3 —>■ R : t i—)• 73 . 

In order to have dynamics on the Z 2 -reduced space P we first need a Poisson 
bracket { , } k3 on C°°(R 3 ). A calculation shows that 

1 1 2 , dC 

{71,75}=^ -1 = ^ 

dC 

{r 2 , r 3 } = 2ri(r 3 + n - 1) + r 2 - 1 = — 

OT 1 
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dC 

{T3,T 1 }=r 2 = — 


Then for every F, G € C° 


we have 


dF dG 


{ F , G} = Y = (g radi? x grad G, gradC), (47) 


h3 


where ( , ) is the Euclidean inner product on M 3 and x is the vector product. 
We say that a function / on P is smooth if there is a smooth function F 
on M 3 such that / = F\P. Let C°°(P ) be the space of smooth functions 
on P. Then (P,C°°(P)) is a differential space, which is locally compact 
and subcartesian because P is a semialgebraic variety. On C°°(P ) define 
a Poisson bracket {, }p as follows. Suppose that f,g £ C°°(P). Then 
there are F,G € G°°(M 3 ) such that / = F\P and g = G\P. Let {/, g}p = 
{T, G} R 3 |P. Because of (47) the defining function C (46) of the orbit space 
P is a Casimir in the Poisson algebra A = (G°°(M 3 ), { , } R3 , •), the collection 
X of all smooth functions on M 3 , which vanish identically on P. is a Poisson 
ideal in A. Consequently, the Poisson bracket { , }p is well defined. So 
B = A/X = ( C°°(P) = C°°(M 3 )|X, { , }p, •) is a Poisson algebra. 


Consider the derivation — adp- on the Poisson algebra A. This derivation 
gives rise to the Z 2 -reduced Hamiltonian vector field on the locally com¬ 
pact subcartesian differential space (P, C°°(P)) associated to the Z 2 -reduced 
Hamiltonian H\P. On M 3 the integral curves of —adp satisfy 


71 = {ri, H} = {n, r 3 } = -r 2 

T2 = = {r 2 , r 3 } = 2ri(r 3 + n - 1) + rf - 1 

h = {t 3 , H} = {r 3 , t 3 } = 0. 


The equality r 3 = 0 shows that H is an integral of Xg. The function C (46) 
is also an integral of Xg, because 


C = r 2 f 2 + 2 t 1 t 1 (t 3 + ti - 1) - (r 3 + fi)(l - r x 2 ) 

= 2t!T 2 (t 3 + n - 1) + r 2 (ri - 1) - 2r 1 r 2 (r 3 + n - 1) + r 2 (l - r 2 ) 
= 0 . 


A calculation shows that — ad^ leaves the sets C 1 (0), {r 3 + t\ — 1 = 0}, 
and {t\ = ±1} invariant. Thus the reduced space P is invariant under the 
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flow of —ad^. Consequently, the reduced Hamiltonian vector field on P 
is —ad^|p. Because the Hamiltonian vector field Xu of the mathematical 

pendulum is complete, the reduced vector field is complete. Its flow 
is a 1-parameter group of diffeomorphisms of P. In fact, for p £ H _1 (e) the 
closure of the integral curve {<p^(p) € P 1 1 £ M} is a connected component 
of the level set f7 _1 (e), since a level set of the reduced Hamiltonian H is 
compact. 

The 1-form 9 X = 9\T X S 1 = pda\T x S 1 on T x S 1 = T*S X \ {po,P 2 } is invari¬ 
ant under the Z 2 -action. Since T x S l is a smooth manifold, which is also 
Z 2 -invariant, the 1-form 9 X is Z 2 -invariant. Hence 9 X pushes down under 
the Z 2 -orbit map n x : T x S 1 P x to a 1-form 9 X on the smooth manifold 
P x . So (n x )*9 x =9 X . 

Here are explicit expressions for the 1-form 9 X on P x . 


Claim 9 On U\ = P x \ {ri = ± 1 } we have 9 x \Ui = —72(1 — rf) - 1 dri; 
while on U 2 = P x \ ({ri = 0} U {r 3 + t\ — 1 = 0}) we have 9 X \U2 = 
(2(r3 + n — l)dr 2 — T 2 dn — T 2 drs) (2n(r3 + n — 1)) 1 . Note P x = U\ U U 2 . 

Proof. On U\ = T x S 1 \ { (p, ±7r) € T x S 1 I p £ M x } we have 


(n x y(e x \ih) = 


— —d(cos a) = (pda)|Hi = 9 X \ U\\ 
1 — cos^a 


while on U 2 = T x S 1 \ {(p,±7r/2) £ T x S 1 \p £ M x } U{(0,a) € T x S 1 } we 
have 


(n x r(9 x \U 2 ) 


(p 2 d(psina) — psinad(cosa) — p sin a(p dp — d(cosa))) 

p 2 cos a 

(pda)\U 2 = 9 x \U 2 . 


Note that for i = 1, 2 we have (7r x ) 1 (Uj) = Ui and T x S 1 = U\ U t/ 2 . ■ 


Because C *(dp A da) = d(—p) A d(—a) = dp A da, the canonical 2-form 
u = dp A da = d 9 on T* S 1 is invariant under the Z 2 -action generated by 
Thus the 2-form lo x = cj|T x S' 1 = d(0|T x S’ 1 ) = d 9 X on T x S 1 is Z 2 -invariant 
and hences pushes down to a 2-form ui x on the Z 2 -orbit space P x . Now 

(^ x )*d 9 X = d((n x )*9 x ) = d 9 X =u x = (^ X )*5 X . 

Since 7 f x is surjective, we obtain uj x = d# x . Thus ( P x ,u x ) is a smooth 
symplectic manifold with oj x = d0 x . 
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We now compute the reduced actions. On P x \ {n = ±1} the 1-form 
0 X is -r 2 ( 1 - T 1 2 ) _ 1 dri, where r 2 = T\/ 2 ( r 3 + t[ — 1)(1 - rf). So 6 X = 

^ d^^ The reduced Hamiltonian on P x is H\P X . Consequently, 

the reduced action I : P x \ {n = ±1} —> M is 


I = 


1 

2tt 



i f ^y ) dT1 

^ Imax(l-e-l) y 1 — T^ 


(48) 


when 0<e<2ore>2. We now calculate the integral in ( |48[ ). First we 
consider the case when 0 < e < 2. Letting u 2 = t\ — (1 — e), u = \/ev, and 
then v = cos 99 , we get successively 


r=P- P‘ 2 " 2 

^ Jo y/(e — u 2 )(2 — e + u 2 ) 

2^2 f 1 v 2 

=-e / — . - dv 

7T Jo y/(l — w 2 )(2 — e + en 2 ) 

7r/2 



cos 2 y? 


1 — fsin 2 ^ 


: d<y9 > 0. 


(49) 


Next we treat the case when e > 2. Letting T\ = cosi? and $ = 2tp succes¬ 
sively, we get 


?=— l + cosi) di>= — 

7T Jo 7T 

2 \/ 2 e r /2 /-W , 

= - / a/ 1 — ^ sm 2 </?d<£> > 0. 

1 lo v 


t/2 


y/e — 2 + 2 cos 2 y? d</? 


(50) 


Note that the reduced action e i—>■ /(e) is continuous at e = 2. Because 
U = t 2 is a differential 1 -form of the second kind on the family of 

elliptic curves £ e : r| = 2(1 — T 2 )(e — 1 + ri), its period I = j c O, where C 
is a closed contour in the cut complex which encircles both ± 1 , satisfies a 
Picard-Fuchs equation with a regular singular point at e = 2. As Dullin (9j 
shows, I has a logarithm term in its series expansion in e — 2 , which shows 
/ is not differentiable at e = 2 . 

The corresponding reduced angle 1 !) is 


~ 27T 27t f 1 2 dry 

1 ? = — t = — / — , 

T T Jt y/2{\ — r 2 )(e — 1 + rr) 


(51) 
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where T\ 6 [max(l — e, —1), 1] and 


T = T(e) 


2 dri 


-i y/2(l - rf)(e 


1 + n) 


7 1-representation and quantization 


In the geometrically quantized mathematical pendulum we have a complex 
line bundle p : L = C x T*,!? 1 —> T*S X : ( 2 , (p, a)) 1 —>■ (p, a) with trivializing 
section Ao : T*S X -P- L : (p, a) (l, (p, a)) and covariant derivative VAo = 
—ihr x 9 <S> Aq with curvature h w. 


Extend the Z 2 -action on T*^ 1 , which is generated by £ (44), to a Z 2 -action 
• on L, which is generated by 


v \ LL \ (z,(p, a)) ( 2 , C(z>, «)) = {z, {-p, -a)). (52) 


Since this action corresponds to the representation of Z 2 on C given by 
multiplication by 1, it is called the 1-representation. Given a smooth section 
a : T*S 1 —> L : (jp, a) e->- (z(p,a), (p, a)), its pull back by v is the smooth 
section 


is*cr(p,a) = v 1 -cr(((p,a)) = v 1 • (z(C(p, a)), ((p, a)) = (z(((p,a)), ( p,a )). 

Let r(p) be the space of smooth sections of L. Then v* : T(p) —>• T(p) : cr 1—>• 
v*a generates a Z 2 -action on T(L). Note that the trivializing section Ao of 
L is invariant under this action. 


Fact 10 The covariant derivative V commutes with the Z 2 -action ■. 


Proof. Because 

z/*(VA 0 ) = i/*(- ih- 1 9 <g> A 0 ) = -ih~ l C *9 <g> u*X 0 = - ih~ l 9® A 0 = VA 0 , 
we get 


"*(V(/A 0 )) = A*(/VA 0 ) = (C7K(V Ao) = (C7)VA 0 
= V((C7)Ao) = Vi/*(/A 0 ), 


for every smooth function f : T*S 1 C. ■ 
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7.1 The ■ reduced sections 


The Z 2 -action • on L = C x T *^ 1 C C x K 2 is generated by v (52). 
algebra of invariant real analytic functions is generated by 


Its 


<7 1 = Z, Tl = cos a, 


T 2 = p sin a, 13 = \p 2 — cos a + 1 


subject to the relation 

12 12-2 1 2/i 2 \ 

2 r 2 = 2P sm ot = 2P (1 ~ cos a ) 

= (ti + t 3 - 1)(1 - if), In I < 1 & r 3 > 0, (53) 


which defines the Z 2 -orbit space V = L/ Z 2 . The Hilbert mapping 

L -x P : (z, (p,a)) *—>• (oi(z), n(p, a), r 2 (p, a), r 3 (p, a)) = (oi(z), r(p, a)) 


is the orbit map of the Z 2 -action The Z 2 -orbit space V is C x (T*S' 1 /Z 2 ), 
which is a senrialgebraic variety with two singular planes C X {(±1, 0,1T !)}• 
We view V as a complex “line bundle” over the Z 2 orbit space P = T* S l / Z 2 
with bundle projection 


/iT = CxP->P: (cri,r = (ti,t 2 ,t 3 )) 


m r. 


Here (53) is the defining relation of the Z 2 orbit space P with orbit map¬ 
ping tt : T *^ 1 —> P : (p, a) 1 —> r(p,a). Consider the smooth manifold P x 
= P\{(± 1,0,1 =F 1)} of nonsingular points of P. Note that P x = T x S l / Z 2 , 
where T x S 1 = \ {(0,0), (0, 7 r)}. We get a trivial smooth complex line 

bundle p x : L x = C X P x —X P x , where = /I|(C x P x ). The bundle p x 
serves as the prequantum line bundle of the mathematical pendulum reduced 
by the Z 2 -action •. 


We now prove 


Claim 11 The mapping 

(~ x )* . ^ T {p x f 2 : 5 (n x )*o 

is a bijective linear mapping of the space of smooth sections of the complex 
line bundle p x over P x onto the space of Z 2 - invariant smooth sections of 
the complex line bundle p x : L x = C x T*S l —X T*S 1 : (z, ( p,a )) e-x (p,a). 
Here n x is the T, 2 -° r bit map restricted to T X S 1 . 
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Proof. First we show that the mapping (7T X )* is well defined. Consider the 
diagram 


L x = C x T x S i 


X S 1 ld X n » L x = C x P x ( z,(p,a ))--( z,r(p,a )) 


T X S 1 


7r 




Cp,a) 


r(p, a) 


Diagram 1. 


Let a : P x —> L x = C x P x : t i —> (z(r),r) be a smooth section of 
the complex line bundle p x . Then the pull back of a by the Z 2 -orbit map 
tt x = tt\T x S 1 is the unique smooth section a of the line bundle p x , which 
makes diagram 1 commutative, that is, (id X 7t x )°(J = (t°tt x . To see this 
we argue as follows. For every (p, a) £ T x S 1 we have (id X n x ) °a(p, a) = 
a °tt x (p, a) if and only if (z(p, a), (p, a)) = (J(tt x (p, a)), (p, a)) if and only 
if z(p , a) = z(tt x ( p , a)). The following argument shows that the pulled back 
smooth section a is Z 2 -invariant. By definition we have 

z(({p,a)) = ^(tt X (CO h «))) = ?(7r X (p,a)) = z(p,a), 

where the second to last equality above follows because n x is the Z 2 -orbit 
map on T X S 1 . For every (p,a) £ T x S 1 we get 

(u*a)(p,a) = ^ _ 1 (z(C(p,a)),C(p,«)) 

= (-(C(P,«)), (P,«)) = ( z{p,a ), (p,a)) = o(p,a). 

So iPa = a, that is, cr is a Z 2 -invariant section of the line bundle p x . 

Clearly the mapping (7r x )* is linear. It is injective, because the map tt x is 
surjective. In more detail, suppose that (7f x )*<r = 0. Then 0 = < 7(7 r x (p, a)) 
for every (p,a) £ T X S 1 . Hence a = 0, since 7r x is surjective. Thus (7r x )* is 
injective, because it is linear mapping. Next we show that (tt x )* is surjective. 
Let cr : T x S 1 L x : (p,a) e-). (z(p, a), (p, a)) be a smooth section of the 
line bundle p x . If cr is Z 2 -invariant, then the smooth complex valued function 
z : T x S 1 —> C : (p, a) i->- z(p,a) is Z 2 -invariant, that is, z(((p,a)) = z(p,a) 
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for every (p,a) £ T X S 1 . To see this we argue as follows. By definition a is 
Z 2 -invariant if and only if v*a = a, that is, for every (p, a) £ T x S 1 we have 
{ z (C(Pi a )) {Pi a )) = (z(p, a), (p, a)). Consequently, z((,(p,a)) = z(p,a ) for 
every (p. a) £ T x S 1 . The smooth ^-invariant function z on T*S 1 induces a 
smooth function z on the Z 2 -orbit space P x = T x S 1 / Z 2 , that is, (ff X )*Z = z, 
where 7r x = n\T x S 1 : T x S 1 —>• P x is the Z 2 -orbit map. Let a : P x —> L x = 
C x P x : t 1 —> (Z(r),r). Then a is a smooth section of L x , whose pull back 
by 7r x is the smooth section a. ■ 

7.2 BSH quantization of the reduced system 

In this section we quantize the Z 2 -reduced system using the quantum line 
bundle p x :Z x =CxP x £P x . 

First we determine the Bohr-Sommerfeld quantization rules for the Z 2 -reduced 
Hamiltonian system (iL|P x ,P x ,cj x ). Let p x : L x = C x x P x C C x M 3 —> 
P x C R 3 : (z, r) £ rbea trivial C x -bundle over P x with trivializing section 
Ao : P x —> L x : r i-)- (l,r). The mapping P x —> TP X : p i-)- span{X^(p)} 
defines a smooth Lagrangian distribution D on the symplectic manifold 
( P x ,oj x ), which is a polarization of (P x ,oj x ). A leaf of D is a connected 
component of a level set iL” 1 (e) of the Z 2 -reduced Hamiltonian H\P X on 
P x , which is a smooth S' 1 when e £ (0,2) U (2, 00 ). On smooth sections of 
the C x -bundle p x define a connection, whose covariant derivative V, in the 
direction of the smooth vector field X on P x , acting on the section Ao is 
given by VxAo = — |(A_l 0 x )Ao- Since an arbitrary smooth section A of 
the C x bundle may be written as A = / Ao, where f : P x — >C x isa 
smooth nowhere vanishing function on P x , we get 

V X A = Vx(/A 0 ) = (Af _l d/)A 0 + /V A -A 0 = (L x f) A 0 - (/(U 9 x )X 0 . 

Let 7 : R —>• P x be an integral curve of of energy e £ (0,2) U (2, 00 ). 
Then 7 is periodic of primitive period T = T(e) > 0. Also 7 parametrizes the 
smooth level set P[~ l (e). Parallel transport the section A of the C x -bundle 
p along 7 using the connection V. Then at every point 7 (t) in iL - 1 (e) we 
have 

0 = (V A -A)( 7 (t)) = (L X -/)( 7 (f))A 0 - i(X s _i 0 x )(7(t))/(7(O)Ao, 
that is, 

^A2-i(X s J«x)(7(i))C(‘)=0. (54) 
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where F(t) = For equation ( 54 ) to have a nonvanishing solution 


F(T) = F( 0 ) exp (i j\x H _i 0 x )(t(*)) dt) = A(T)F( 0 ), 

the holonomy A{T) of the connection V along 7 must equal 1 , because 
F(T) = /(7(F)) = /(7(0)) = F( 0 ) / 0 . Consequently, for some n E Z we 
have 


1 


1 


n=- (X«_i0*)(7(*))di= r / 0 x^(t))XMt))dt 


h 

1 

h 


'0 


h 


rT « x (7(())^Pdi = i 


dt 


f T 7*9* = jj- fe 

Jo h J H -1 


X 

(e) 


In other words, when e E ( 0 , 2 ) U ( 2 ,00) the Bohr-Sommerfeld quantization 
rule for the Z2-reduced Hamiltonian system (H\P X , P x , ui *) is 


0 < 1= f 9 x 

J 


kh , for some k E Z>o, 


( 55 ) 


where I is the action ( 48 ) of the Z2-reduced system. 


For every positive integer k, let 07 be a nowhere zero section of the line bundle 
L, which is supported and covariantly constant on the level set I~ 1 (kh). 
The collection {d k } k£Z>o is an orthonormal basis of the Hilbert space Sj of 
quantum states of the Z2-reduced Bohr-Sommerfeld quantized mathematical 
pendulum. 


Since the basic quantum states {&k} k ez >0 are ordered by k, there are shifting 
operations 07 i— > d k -\ f° r k E Z>i and 07 1— > d k+ \ for k E Z>o- We 
now describe these shifting operations as shifting operators on $). As in § 3 , 
the quantum operators Q ^ and Q j corresponding to the functions e^*^ 
and /, respectively, obey the quantization rules [Q cT «, Q/] = ±^Q cT «- 
Because Q ja k = kha k , it follows that Qj(Q^07) = (k =F l)/jQ eT «07 T i. 
Consequently, for some complex constant c k we have the shifting operators 


c k 07 —1 and Q e i&@k c k - 1-1 oy • 1 ■ 

The trouble is that the operators Q egi ^ and Q j are not defined on the 

Hilbert space S). We have to modify the functions e^*^ and / so that they 
are smooth on all of the reduced space P. This we do as follows. The 
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reduced energy level H~ l ( 2) separates P x into two open pieces: P 0 X ={r£ 
P x | 0 < H(t) < 2} and P x ={r£ P x | 2 < iT(r)}. The reduced action I 
is smooth on Pq + and is continuous on the Z 2 -orbit space P. The reduced 
angle function $ is not defined when e = 0 or 2. Let To : [0, oo) —> M : 
e i—)> To(e) be a smooth function, which is positive on ( 0 ,oo) \ { 2 }, vanishes 
together with all its derivatives at 0 and 2. The functions yfr§ e^*^ and y/ro I 
are globally defined smooth functions on the differential space (P,C°°(P)). 
These functions satisfy the bracket relations 

{V^oe^, y/To 1} = {r 0 7} = Pr 0 e ***, 

which vanish together with all their derivatives at e = 0 and e = 2. On 
the Hilbert space S) we define the quantum shifting operators Q r 0 e~ i ^ k = 
To(efc)3fc_i and Q~ = To(efc + i) &k+i- These shifting operators are con- 
sistent with Dirac’s quantization rule. Thus we have quantized the full sin¬ 
gular reduced Hamiltonian system (H\P, P, C°°(P), { , }p). 

7.3 Reconstruction 

In this section we lift the quantization of the Z 2 -reduced system using the 
quantum line bundle p x to the phase space of the mathematical pendulum 
(H,T X S\ w|T x 5 1 ). 

Using the Z 2 -orbit mapping 7 f x : T x S 1 P x : ( p,a ) *->• r(p, a), we pull 
back the C x -bundle p x : L x = C x X P x —> P x . In other words, we want the 
diagram 

(z,(p,a)) - * (z,t) 


T x S 1 -- P x (p, a) 

Diagram 2. 

to commute. Setting l = id^x x 7 f x and p x {z, ( p,a )) = (p, a), we see that 
diagram 2 commutes. Thus the pulled back C x -bundle p x : L x —>• T x S 1 
is trivial with trivializing section Aq : T x S 1 —y L x : (p,a) i —> (l,(p, a)). 
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Since Z°Aq = Aq °7r x implies £°(f Aq ) = (/Aq ) °7T X for every smooth func¬ 
tion / : P x —> C x , we call the section A x = £*(Aq) of the C x -bundle 
p x the pull back by the mapping 7r x of the section A x = /Aq of the C x - 
bundle p x . We denote the pulled back section by (7 r x )*A x . The map¬ 
ping T X S 1 —> T(T X S 1 ) : ( p,a ) span{AAy/p, a)} defines a smooth La- 
grangian distribution D on the symplectic manifold (T x S 1 ,uj\T x S l ), which 
is a polarization of (T X S' 1 , w|T x 5 1 ). A leaf of ZD is a connected component of 
a level set H~ l {e) of the Hamiltonian H on T x S 1 , which is a smooth S 1 when 
e G (0, oo). On smooth sections of the C x -bundle p x define a connection, 
whose covariant derivative V x , in the direction of the smooth vector field X 
on T x S 1 , acting on the section Aq is given by V^Aq = — i/i _1 (X_l d x ) Aq . 
Suppose that X is a smooth vector field on P x , which is 7r x -related to 
the vector field X, that is, T n x X = X °tt x . Then on the trivial line bundle 
JP : L x = CxP x —> P x with trivializing section Aq : P x —> L x : r i —> (1 ,r) 
there is a connection V x defined by (7 t x )*(V~:Aq ) = V^Aq . In other words, 


Fact 12 


V~Aq =-ir 1 (lJ0 x )Aj. 


Proof. Equation (56) follows because by definition 

V^A X = V X A X = -ih-Hx_L 0 X )Aq ; 

whereas 


(56) 


{n x y ( - iK~ l (X^ 0 X )\*) = -ih-^iX _J 9 x )°n x )\ x °n x 

= -ih-\xoK x ^e x °n x ) a 0 x ° z? x 

= -ih^ir^X _j Ti x 0 x )A x °Zf x 
= -ih-\x J e x )((Tn x y\ x °Zf x ) 

= -ih-\x _J e x )A x , since (Zi x )*A x = A x . 


Thus 

(n x y (V J Ao) = (n x )* ( - Z/T 1 (X —I 9 X ) A 0 ), 


which implies (56) since 7r > 


is surjective. ■ 


Let T : M —?• P x be an integral curve of of energy e G ( 0 , 2 )U( 2 , oo). Then 
r is periodic of primitive period T = T{e) > 0 . Moreover, T parametrizes 
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the level set H 1 (e). An argument similar to the one given in §3.2 gives the 
Bohr-Sommerfeld quantization rule 


L 


H~He) 


Mh, for some M G Z>q. 


(57) 


7.4 Relation between the quantizations 

We now compare the Bohr-Sommerfeld rules for the reduced and unreduced 
mathematical pendulum. 

Observe that when e 6 (0, 2) the lift of the closed curve T, which parametrizes 
by the Z 2 -orbit mapping n x is the curve 7 |[ 0 , T\, where 7 is an 
integral curve of Xu that parametrizes i7 - 1 (e). The curve 7 |[ 0 ,T] is not 
closed. Since T(e) = 2T(e) is the period of 7 for every e G (0,2), it follows 
that 7 = 2T. For every e G (0, 2) we get 

2 Mh = 21 = 2 [ 9 X = 2 [ F*8 X = [ (n x )*(F*8 x )dt 
Jh -!(e) Jo Jo 

= [ 7 *( 6 > x )d t= f 9 = 1 = nh. 

Jo Jh ~!(e) 

For every e G (2, 00 ) the lift of T, which parametrizes i7 _ 1 (e), is the curve 7 , 
which is closed and parametrizes a connected component of i7~ 1 (e). Thus 
T(e) = T(e). For every e G (2, 00 ) we get 


2Mh = 2I = 2 [ 6 X = 2 / T*9 X =2[ (ir x )*{T*9 x ) dt 

Jh -be) Jo Jo 

= 2 [ 1 *(9 x )dt= i 9 = 1 = 2mh. 

Jo Jn-^{e) 

In other words, the Bohr-Sommerfeld quantum states of the Z 2 -reduced 
mathematical pendulum reconstruct to the quantum states of the mathemat¬ 
ical pendulum with even quantum number and support in T x S 1 n {p > 0}. 
So the reduced shift operators reconstruct to shift operators which act only 
on the sections with support C+(e) and with even quantum number. Thus 
the shift operators are defined on the even unreduced quantum spectrum 
with support contained in T x S 1 n {p > 0}, which corresponding to a posi¬ 
tive energy not equal to 2 . 
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8 — 1 representation and quantization 


Extend the Z 2 -action on T *^ 1 generated by £ |44) to a Z 2 -action * on 
the complex line bundle p : L = C x T *,? 1 —> : ( z,(p,a )) i-»- (p, a) 

generated by 

rj: L ->• L : (z, (p, a)) ( - z, C(p, a)) = ( - z, (-p, -a)). (58) 


Since this action corresponds to multiplication by —1, it is called the — 1 - 
representation of Z2-011 C. Given a smooth section <7 : T* S 1 L : (p, a) e->• 
[z(p, a), (p, a)) its pull back by ij is the smooth section 

rfcr{p,at) = ri~ 1 *cr(((p,a)) = (-z(((p,a)), ( p,a )) = ( -z(-p, -a)), ( p,a )). 


Let r(p) be the complex vector space of all smooth sections of the line bundle 
L. Using (58) we see that 77 * : T(p) — > T(p) : a 1 — y p*a generates a Z 2 -action 
* on r(p). 


Fact 13 A n even section under the Z 2 -action * generated by 77 (UM) is an 
odd section under the Z 2 -action ■ generated by v (52). 


Proof. Let a be a smooth section of L and suppose that if a = a, that 
is, a is an even section under the Z 2 -action *. Then ( — z(C(p, a ), ( p , a)) = 
(z(p,a),(p,a)) for every (p,a) £ So 

— z(—p,—a) = z(p,a). (59) 


Suppose that v*a = —a, that is, a is an odd section under the Z 2 -action •. 
Then for every (p, a) £ T *^ 1 we have 

( - z{C(p,a)), ip, a)) = ( - z(p, a), (p,a)). 


So 


z(~P,~a ) = -z(p,a), 


which is the same as (59) 


(60) 


8.1 Some spaces related to the * action 

The Z 2 -action * on L = C x TS 1 C K 2 x R 2 , given coordinates (z = 
x + iy,p, a) = (x, y,p, a ), has an algebra of real analytic invariant functions 
generated by 

o 1 = x 2 , a 2 = y 2 , 03 = xy, a 4 = xp, a 5 = yp 
ti = cos a, t 2 = p sin a, T 3 = \ p 2 — cos a + 1, 
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which satisfy the relations 

0 = /i(t, cf) = \ r| - (n + r 3 - 1)(1 - rj 2 ), |n| < 1 & r 3 > 0 (61a) 


0 = f2 (t, c) = <r| — (71(72, (7l > 0 & (72 > 0 (61b) 

o = h{T, <y) = \o\- (t 1 + r 3 - l)(7i (61c) 

0 = / 4 (r, a) = \ of - (iq + r 3 - l)o 2 (61d) 

0 = fa{r, a) = \ (74(7.5 - (n + t 3 - 1)(7 3 . (61e) 


Let D = {(t, a) £ M 3 x M 5 = M 8 | |n | < 1 & r 3 > 0 &; oq > 0 & (72 > 0} and 
set 

F '■ D M 8 —^ M 5 : (r,cr) ^ ... ,f 5 (r,a)). 

Then i ?_1 (0) dehnes the Z 2 -orbit space V = L/Z 2 as a semialgebraic variety 
in M 8 . The Hilbert mapping 

( : i C I 4 -> P C R 8 : ((*,2/), (p,«)) (r,cr) = (n, r 2 , r 3 , cti, ... ,cr 5 ) (62) 

is the orbit mapping of the Z 2 -action * on L. 

We want to determine the singular points of the variety V. Differentiating 
F shows that DF(t, a) is equal to 



/ 2npi - (1 - n) 

72 

-(l-r?) 

0 

0 

0 

0 

0 ^ 



0 

0 

0 

— (72 

— (71 

2(73 

0 

0 



—on 

0 

— (71 

-Pi 

0 

0 

(74 

0 

, (63) 


—a2 

0 

— (72 

0 

-Pi 

0 

0 

<75 



\ -(73 

0 

-(7 3 

0 

0 

-Pi 

(75 

(74 / 


where p\ 

= ti + 73 — 1. 

By definition 

(P O’) 

£ V 

is a 

singular point of V 


if and only if rank DF(t , a) < 4. Let V s i ng and V VC g be the subvarieties of 
singular and nonsingular points of V, respectively. 

The following argument shows that if r £ P x , a = (oq, ( 72 , a 3 ) 7 ^ 0 = 
(0,0,0), and p\ / 0, then (r, <7, 04 , < 75 ) £ TVeg- Since r £ P x , the first 
row of DF(t,g ) is nonzero. Since ff / 0, the second row of DF(r,a) is 
nonzero. Inspection shows that the first two rows of DF(r,a) are linearly 
independent. Since pi 7 ^ 0 the [345; 456] minor of DF(r,a) is p\ 7 ^ 0. Thus 
rk DF(r, <r) = 5. So (r, cr) £ V rcg , the set of nonsingular points of V. In 
other words, A = {(r, er) £ V | r £ P x & ( 7 / 0 &/)i > 0 } C TVeg. 

Now suppose that pi = 0. Then 04 = (75 = 0. So the 3 rd and 4 th 
rows of DF(t,c 7 ) are linearly dependent. Hence rk Z?P(r, cr) < 4. Thus 
(r, a) £ Psingj the set of singular points of V. When oq = 0, we see that 
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(T;j = o ~4 = 0. So the 2 nd and 3 th rows of DF(t,<j) are linearly depen¬ 
dent. Thus (r, (0, < 72 , 0,0, 05 )) G V s i n g. When 02 = 0, then 03 = 05 = 
0. So the 2 rd and 4 th rows of DF(r,a) are linearly dependent. Thus 
( 0 ,( 01 , 0 , 0 , 04 , 0 )) G IPsing- If 0 G Psing, then the 1 st row of DF(r,a) is 
zero. Hence (r, 0 ) G V s i ng . If 0 = 0, then the 2 nd row of DF(t , (0,04, 05 )) is 
zero. Hence (r, ( 0 , 04 , 05 )) £ Psing - Thus B = {(r, 0 ) G V \ 0 G P s ingOr 0 = 
Oor 04 = 05 = 0} C P sing . From 

AnB = 0, Pre g n Psing = 0, AuB = P re gUP sing , and A C P reg , £> C p sing 
we have proved 


Fact 14 A = P reg and B = Ps ing - 

Recall that P is the Z 2 -orbit space T*S' 1 /Z 2 - As a subset of M 3 with co¬ 
ordinates ( 04 , 02 , 03 ), where 0 j are the invariants, the variety P is defined 

by 

2 r f = (n + 03 - 1)(1 - rf), |0i| < 1 & 03 > 0. 

Note that the condition 1 04 1 < I &03 > 0 is equivalent to the condition 
(01 + 03 — 1) > 0 & | 0 i| < 1. Moreover, P is connected, as the set of singular 
points of P is {(1,0,0), (—1,0, 2)}. Let P v = P \ {0 G P | 04 + 03 — 1 = 
0}. Then P v is a connected smooth manifold contained in P x , which is 
diffeomorphic to S ' 1 x M. 


Corollary 15 The image of the set L w = {((x,y), (p, a)) G L | (x,y) A 
( 0 , 0 ) Sz p A 0} under the Z 2 -orbit mapping c, (62 1 ) is the connected smooth 
manifold P v = {(0,0) G P | 0 G P v &0 / O&(04,05) A (0)0)} contained 
in P reg . 


Proof. First observe that the Z 2 action * (58) on L leaves P v invariant. 
Because ((0, 0), (0,0)) and ((0,0), (0, 0 )) are the only points with nontrivial 
isotropy group and these points do not lie in L v , it follows that Z 2 -acts freely 
on L v . Thus the orbit space ?(P V ) is a smooth manifold. 


We now show that ?(T V ) = P v . Because <^({p = 0}) C P sing , it follows that 
<j({p A 0}) ■ Also 0 |(?({(x,y) A (0)0)})) / 0. Therefore ?(T V ) C 

{( 0 , 0 ) G P I 0 G P v &: 0 A 0}- The conditions defining P v are equivalent to 


p A O', orx = A 0, p 7 ^ 0 ; or x / 0 &; p = 0 , p 7 ^ 0 , 


which imply that 04 = xp A 0 or 05 = yp A 0- Hence ?(T V ) A P v . Con¬ 
versely, if ( 0 , 0 ) G P v , then 0 G P v and 0 A 0- Therefore ((x,y), (p, ct)) G 
<^( 0 , 0 ) G P v . So P v C ?(P V ), which shows that P v = <^(L V ). ■ 
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Note that the mapping pP : V v —* P v : (r, a) t exhibits V v as a “bundle” 
over P v . 

Let 7 Z be the semialgebraic variety in M 5 = M 3 x R 2 with coordinates (r, u) 
defined by 

0 = h(r, v) = \ r| - (n + r 3 - 1)(1 - r-j 2 ), 

In| < lSzpi = ri + r 3 - 1 > 08zv = (vi,v 2 ) / (0,0). (64) 

For (t,v) £M 5 \{pi < 0 Sz = k 2 = 0 } we have d h(r, u) ^ 0 . Therefore 1 Z 
is a smooth manifold. Moreover, 7 Z is diffeomorphic to L v = C x X P v . We 
can be more precise. The mapping 

i/j : M 5 \ {p\ < 0 & v\ = z/ 2 = 0} —> M 8 \ {p\ < 0 &: 1T4 = (is = 0} : 

(t,u) h- (r, \pi 1 {t)vI,\pi 1 {t)vI,\pi 1 {t)v 1 v 2 ,v 1 ,v 2 ) = (r,cr) 

restricts to a diffeomorphism 

$ : K C M 5 \ {pi < 0 &; i'l = k 2 = 0} —P v C M 8 \ {p! < 0 & CJ4 = (75 = 0} : 
with inverse 

II : M 8 —>■ M 5 : (<7,r) (->• t), 7t 2 (c 7, r)) = ((cr 4 , 05), r) = (i/,r) ( 65 ) 

restricted to P v . In fact 0 = II|'P V is an isomorphism of the bundle p v with 
the C x bundle (P : L x = C x x P v —>• P v : (■ w,t) >-)• r, because for each 
fixed r the induced mapping 

(p v ) _1 (r) ->■ (pL) -1 ^) : a m(a, r) = (<74, cr 5 ) = v 

on each hber is a diffeomorphism with inverse 

v = [y 1 ,^ 2 ) h- (^r 1 ^)^) ipr 1 ( r ) i/ 2 5 ipr 1 ( r ) i/ i i/ 2,^i,^2) = o-. 
- -- Z v = C x x P v (r, (7) -- (774((7, r), r) 



Diagram 3. 
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8.2 The * reduced sections 


Let T^S 1 = {(p, a) € T*S X | p ± 0} and let ^ : T v S 1 -> P v : (p, a) ^ r be 
the orbit mapping of the Z 2 -action (44) restricted to T V S' 1 . The Z 2 -action 
* on L v = C x X T v S' 1 has Z 2 -orbit space P v . We get diagram 4. 


L v 


r v 5 x 


7 T 


P V 




pv 


((x,y), (p,a)) 


(u^) 


(p,a) 


T 


Diagram 4. 


In the geometrically quantized mathematical pendulum we have a C x -bundle 
p v : L v —> T'',? 1 : (z, (p, a)) i-)- (p,a) with trivializing section Aq : T v S 1 —> 
L v : (p, a) i—>• (l, (p, a)) and covariant derivative 

V v = -Pi0 v <8) Aq = —i/i6 ) |T v S' 1 ® AojT^ 1 = V|ITS 1 

with curvature h“ 1 o; v = / i “ 1 d6> v = 


Fact 16 The covariant derivative V commutes with the Z 2 - action * on the 
set of smooth nowhere vanishing sections of L. 


Proof Using the generator i] (52) of the Z 2 -action * on L the fact follows 
because 


p*(VAo) = p*( — ifrO < 8 > Ao) = —ihr\*Q ® p*Ao 
= —ih6 <8> (—Aq) = —VAq, 


( 66 ) 


which implies 

P*(V(/A 0 )) = p*(/VA 0 ) = (p*/)p*(VA 0 ) = V ((—p*/)A 0 ) = V (p*(/A 0 )), 

for every smooth nowhere vanishing function / : T^S 1 —>• C x . The minus 
sign in the first equality in the second row above follows from (66); whereas 
the second equality in the second row is obtained by the following argument. 
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Suppose that a : T*S 1 — > L is a smooth nowhere vanishing section of the 
bundle p : L —> T*S 1 : (z, ( p , a)) i—X (p, a). Then there is a smooth nowhere 
vanishing function z : T*S l —x C* such that a = z Xq, that is, 

cr(p, a) = z(p, a) (l, (p, a)) = (z(p, a), (p, a)) 
for every (p, a) £ T*^ 1 . So 

(pV)(p,a) = p*(zA 0 )(p,a) = (-z(-p, -a),(p,a)), 

by definition of the action * on sections of L 
= -z{-p,-a){ 1 , (p, a)) 

= -{(v*z)X 0 ){p,a). m 


Suppose that <r v : P v — X V v is a smooth section of the bundle p v : T ,v —X 
P v : (r, <r) i— X t. Then its image (? V )*< 7 V under the pull back by the mapping 
£ v : L v -X V v : ((x,y),(p,a)) e-x ?((s, y), (p, a)) = (r, <r) is a Z 2 -invariant 
smooth section of the bundle p v : PP — X T v S 1 : ((x, y), (p, a)) i— X (p, a), and 
conversely. Thus a smooth nowhere vanishing section of the C x -bundle ]j j 
over P v gives rise to a unique Z 2 -invariant smooth nowhere vanishing section 
of the C x -bundle p v over T V S' 1 , and conversely. 


The smooth section cr v pushes forward under the bundle isomorphism 0 to 
a smooth section a : P v — X C x x P w of the bundle fP : C x x P v -) P v . 
The following argument determines the pull back under the bundle mapping 
0°^ v : L v —X C v X P v of the smooth section a of the bundle fP. First 
we determine the smooth section a v = Q*a of the bundle p v : V w —X P v 
given the smooth section a : P v — X C x P v : t i— X (z(t),t) = (f(t),t). 
Here z : P v — X C x is a given nowhere vanishing smooth function on P v and 
v{t) = (y\ (r),r' 2 (r)). From the definition of the mapping n (65) we find 
that 


0*<7 : P v -X : 

Th ^ (ipr 1 (rW(r)^pr 1 W^(r)^pr 1 (r)i^(r)i^(r) > i^(r) ) i^(r)) = 

= (<t(Kt)),t), 

where i/ : P v —X M 2 : r i-x (^i(r), ^(r)). Since (<t(z/(t)), r) = <j(i/(r), (p, a)), 
it follows that 


(? v )*(0*cr) : T^S 1 -> L v = C x X T v 5 1 : (p, a) ^ (z(p, a), (p, a)) 

is a smooth nowhere vanishing Z 2 -invariant section. Here z : T V S ' 1 — X C x : 
(p, a) i—X z(p,a ) is smooth, nowhere vanishing, Z 2 -invariant function, which 
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induces the smooth function z : P v —» C x : r i —> v(r). In other words, 

z = {p'Tz. ( 67 ) 

Since diagram 4 followed by diagram 3 is a commutative diagram, the map 
(0°d)* is the pull back by 7 r x . Consequently, 

Claim 17 ( 7 r v )* : T(7f v ) —> r(p v ) Z2 : a >->■ ( tt w )*o is a bijective C-linear 
mapping of the space of smooth nowhere vanishing sections of the trivial C x 
bundle {P over P v into the space of smooth nowhere vanishing Z 2 -invariant 
sections of the trivial C x -bundle p v over T v S 1 . 

Proof. We need only show that the linear mapping ( 7 r v )* is bijective. This 
follows immediately from the fact that the linear mapping ( fp )* : C°°(P V ) —> 
C^(T'S l f 2 is bijective. ■ 

8.3 BSH quantization of the * reduced system 

In this section we quantize the Z 2 -reduced system (H x = H\P X , P v ,uj x = 
d@ v ) using the quantum line bundle fp : L w —>• P v . 

First we construct a connection on the space of smooth sections of ])'. The 
connection V on the sections of the trivial C x bundle p over T* S l restricts 
to a connection V v on the space of smooth sections of p v = p\T w S 1 given by 

v v Aq = -rV®A 0 v . 

Because V v commutes with the generator 77 * of the Z 2 -action on T(p v ), 
it induces a connection V v on the space of smooth sections of the trivial 
C x -bundle p' : IP —>• P v . In other words, the pull back of V v by the 
Z 2 -orbit mapping n v : T v 5 1 —> P v is V v . The trivializing section of p' is 
Aq 1 P v —y T v : t i —y ( 1 , r). Since P v = P \ {73 + n — 1}, we have 

V v Aq = -ih~ l 9 w ® Aq. 

Note that (ir v )*9 v = 0 V . 

We now determine the Bohr-Sommerfeld quantization rules for the Z 2 -reduced 
system (H v , P v , 5 V ). When 0 < e < 2 we obtain 

I v = f 9 V = I 6 X = Mh for some M € Z> 0 . 

J(HV)-He) J(H)~ 1(e) 
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The second equality above follows because 


(tf v r(e) = {r 3 = e} n px = (H)-\e) \ {(1 - e, 0, e)}. 


Consequently, J v is equal to the action I (55) of the Z 2 ~reduced system 
(H , P x ,w x ). When e > 2 we have (iL v ) _1 (e) = (Lf) _1 (e) and 9 X = 9 V . So 
r = i. 


For every positive integer k let cr^ be a smooth section of the quantum bundle 
/R : L v —> P v , which is supported and covariantly constant on ( I v )~ 1 (kh ). 
The collection {a ^} fcgZ>() is an orthogonal basis of a Hilbert space fj v of 
quantum states of the ^-reduced mathematical pendulum using the quan¬ 
tum line bundle p' with connection V v . 

Since the quantum states are ordered by increasing k, there are 

shifting operators ^ cr^-i for k G Z>i and H > 5b , for k G Z>o- Let 
(/,??) be action angle coordinates for the Z 2 -reduced system (H V ,P V , u v ) 
constructed in §2. Then {/, r?}p X = —1. Restrict these coordinates to P v . 
In other words, I v = I\P V and i? v = t?| P v are coordinates on P v {^] Since P v 
is an open subset of P x , we have 


{/\r}p V ={/, 1 ?}p X |P v = -l. 


( 68 ) 


Because of (68) the quantum operators Q ±i ^v and Qj w obey the quantiza¬ 
tion rule 

[Q e =Fii5 v }Qjv\ ~ Q e =pii5 v • 

Since Qjv&k = kha^, it follows that 

Qjv (Q e =F« vCr fe) = “F l)Q e T« vCT fc=Fl' 

Thus for some complex constant Ck we obtain the quantum shifting operators 


Q c -i^ a k — c k a k -1 an< ^ Q c i^ a k ~ c k a k+l- 

The function $ v is smooth on P v D 0,2)) and is locally smooth 

but multivalued on P v D (iL v ) _1 ((2, oo)). The functions e =F * 1?V are smooth 
on all of P v . However / v is not a smooth function on P v . Therefore the 
quantum operator Qj v does not map the Hilbert space Sj v into itself. We 
remedy this difficulty as follows. Let tq : [0, oo) —> [0, oo) : e i-)- ro(e) 

2 Observe that (I v , § v ) are not action angle coordinates on P v , because the vector field 
Xj\, has integral curves on P v which are not closed. 
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be a smooth function, which vanishes to infinite order at 0 and 2. Then 
the functions y/rQ e =FM?V and y/ro / v are smooth on all of P v and satisfy the 
bracket relation 


(V^oe^ v ,V / ?o/ v }pv = Troe^ v 


On the Hilbert space f) v dehne the quantum shifting operators 

Qroe-i^Vk = r 0 ( e k) °l -1 and Q~ ei( -v? fc v = r 0 (e fc+ i) a w k+l . 

These quantum shifting operators are consistent with Dirac’s quantization 
rule. This completes the BSH quantization of the Z 2 -reduced system (H x , P v , 
oj v ) with quantum line bundle jp. 

8.4 Relation between the quantizations 

We now compare the Bohr-Sommerfeld quantization rules for the Z 2 -reduced 
mathematical pendulum with quantum line bundle JP with those for the 
mathematical pendulum on T x S 1 with quantum line bundle p x and Z 2 - 
symmetry * ( |58[ ). 

When e £ (0, 2) observe that the lift of the curve T v : (0, T) —> P v with 
lim t \or v (f) = (e,0,1 — e) = lim^ j, T v (t), which parametrizes (H v )~ 1 (e), 

by the Z 2 -orbit mapping 7 r v is the curve 7 |( 0 , T). Here 7 is an integral curve 
of Xh on T*S 1 , which parametrizes iW^e) with lim i \ j o 7 (t) = (\/2e, 0) 
and Iim (/V p 7 (t) = (—\/2e, vr). The curve 7 |( 0 ,T) is not closed. Since T = 


T(e) = 2T(e) = 2 T is the period of 7 for every e £ (0, 2), it follows that 

H~\e) \ {(V2i, 0), (- y/2e, tt)} = 7 ([0, T]) \ { 7 ( 0 ), 7 (T)} 

= 2(^ V )*T V ((0,T)) = (R v )- 1 (e). 


Therefore 



In other words, the Bohr-Sommerfeld number of horizontal lift 7 of 7 in L x 
is 2 M. Consequently, 7 is a closed curve. The positive integer 2 M is equal 
to the number of points in 7 , which he on distinct Z 2 orbits of the action • on 
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the C *-bundle p x : L x -> T X S\ But (fl v )- 1 (e) = H~ l {e) \ {7(0),7(T)} 
and 

(7(0),■ l(T)} C (7t v )- 1 ({t 3 + n - 1 }) = FS 1 \ {p = 0}. 

In particular, (2(7(0)), 7(0)) and (z(7(T)),7(T)) are a pair of points on 
L x , which form an orbit of the ^-action • on L x generated by A : T x S 1 —> 
T X S 1 : ( z,(p,a )) *-»• (2, (— p, — a)), since 2(7(0)) = z(j(T)). So the Bohr- 
Sommerfeld number of the orbit y v = 7|(0,T) is 2 M — 1 , which is odd. 

Now we take care of the case when e > 2 . Using the fact that the shifting op¬ 
erators of the Z2-reduced system ( H x , P x , uj x ) with quantum line bundle p x 
correspond to the shifting operators on ( H x = H\T X S 1 , T x S 1 ,uj x ) with line 
bundle p x , which shift the Bohr-Sommerfeld number by 2, we see that recon¬ 
struction of the Z2-reduced system (H x , P v , w v ) with quantum line bundle 
L v recovers the odd quantum spectrum of the mathematical pendulum. 

We now discuss the behavior of the closed curve 7 in L x , which is the 
horizontal lift of the closed curve 7 on T x S 1 under the covariant deriva¬ 
tive V x , under the Z2-action generated by 7 : L x —> L x : (2, (p, a)) i —> 
( — 2, (— p, —a))- The image of 7 is {(p,a) £ T x S 1 | \p 2 — cos a + 1 = e}. 
The Z2-symmetry of the mathematical pendulum is generated by ( : T*^ 1 —> 

: (p, a) 1 —> (—p, —a). Clearly the image of 7 is Z2-invariant. Setting 
p = 0 , we get 1 — cos a = e, which has solutions a + and oT = — o + . We 
parmetrize 7, and hence its horizontal lift, by a. So 7(a) = (p(a),o) and 
7(a) = (2(0 ), (p(o),o)) for a £ [—o + ,o + ]. Thus 7 is a section of L x . 

Suppose that for some 00 £ [—o + ,o + ] we have z(j(— oo) = —2(7(00))]^] 
Then 


7(-«o) = (^(7(-ao)),7(-«o))(-2(7(ao)),C(7(«o))) = v* ( 7 ( 00 )). 


So {7(0:0), 7(—ao)} is an orbit of the Z2-action generated by 7 on L x . Con¬ 
versely, if 7(—ao) = 7* (7(00)), then z(^(— oo)) = —2(7(00)). Since 7 is the 
horizontal lift of 7, it follows that 2(7(00)) is obtained from oo)) by 

parallel translation along 7. Using equation ( 11 ) we obtain 

«(7(«o)) 


— iH In 


2(7 (~ao)) 


r»ao 


= 2 


\/2(e-(l — cos a)) do = ( 2 m — l)h, ( 69 ) 


' —c«o 


3 Because 7 is assumed to be closed, we have 2(7)—ao)) = 2(7(00))- If o 0 = ±a + , then 
-2(7(00)) = 2 ( 7 (-a 0 )) = 2(7(00)), 


which implies that 2(7(00) = 0 . But this contradicts the fact that 7 is a nowhere vanishing 
section of L. Therefore ao 7^ ±o + . 
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for some integer m. The last equality follows because the hypothesis z( q(—ao)) 
= —z(j(ao)) implies that 


In 


/ z(j(a 0 )) \ 

\2:(7(-ao))/ 


ln(— 1 ) = ( 2 m — l)7r i, 


for some integer m. Since ao £ (—a + ,a + ) and y/ 2 (e — (1 — cos a)) > 0 on 
(—a + ,a + ), equation ( 69 ) implies that 0 < 2 m — 1 < n. Thus there are at 
most ^ (n + 1) distinct Z2 orbits of the action * on the image of 7. 


We now prove 


Claim 18 Let n be the Bohr-Sommerfeld integer of the closed horizontal 
curve 7 on the C x -bundle L x . The number of distinct pairs of points on the 
image 0/7 that lie on an orbit of the Z2- symmetry of L x generated by 77 is 


Proof. For ao = 0 the integral ( 69 ) vanishes; while for ao = Oq it equals nh. 
By continuity, for every positive integer k < n there is an angle a*, £ [ 0 , a^}~] 
such that 


ra k 


\J2 (e — (1 — cos a)) da = kh. 


' — ao 


Thus the Bohr-Sommerfeld integer n is the number of pairs of points in the 
image of 7 that he on an orbit of the Z2-symmetry generated by 7. ■ 


Using the construction before the claim and the claim we find that the quan¬ 
tum number M of the level set (H v )~ 1 (e) of the Z2-reduced system with 
quantum line bundle p v equals which is the number of Z2-orbits 

on 7 of the Z2-action * on L x . 


9 Concluding Remarks 

The energy level H~ 1 ( 2 ) separates our phase space T*^ 1 into three open 
subsets P 0 , P+ an d P-! see equation ( 15 ). In § 3 , we constructed opera¬ 
tors Q roe ±m, which act as shifting operators on the basic sections cr n with 
supports contained in Pq but vanish on the basic sections of a± m that are sup¬ 
port in P±. Similarly, we have constructed operators Q r e ±w, and Q r e ±«, 
which act as shifting operators on the basic sections supported in P+ or P_, 
respectively, but vanish on the remaining sections of our basis. We have also 
constructed an operator that vanishes on the basic sections supported in 
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Pq and maps a^ m to 0 ^ . In §4.3, we have discussed the Bohr-Sommerfeld- 
Heisenberg quantization of the Z 2 -reduced phase space, which gives rise to 
shifting operators Q~ oe±i $ that act on the basis &k of the representation space 

Sj. In §4.4, we showed that the operators Q~ Q£ ±ii r reconstruct to operators 
Q' - that act as shifting operators on the basic sections with even quan- 
turn numbers. In this way, we have obtained a family of operators that allow 
for transitions between any pair of basic sections. 
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